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Application of the complex scaling method in
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Abstract. The three-body scattering problem in Coulombic systems is widespread,
however yet unresolved problem by the mathematically rigorous methods. In this
work this long term challenge has been undertaken by combining distorted waves
and Faddeev-Merkuriev equation formalisms in conjunction with the complex scaling
technique to overcome difficulties related with the boundary conditions. Unlike
the common belief, it is demonstrated that the smooth complex scaling method
can be applied to solve three-body Coulomb scattering problem in a wide energy
region, including fully elastic domain and extending to the energies well beyond atom
ionization threshold.
Newly developed method is used to study electron scattering on ground states of
Hydrogen and Positronium atoms as well as a e++H(n=1) ⇄ p+Ps(n=1) reaction.
Where available, obtained results are compared with the experimental data and
theoretical predictions, proving accuracy and efficiency of the newly developed method.
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1. Introduction
2. Introduction
Coulomb force is at the origin of all vital processes in nature. It is the dominant
interaction from the nanometer to the millimeter scale. Therefore ability to treat
quantum Coulombic systems represents substantial interest for a large community of
scientists. Unfortunately analytical solutions exist only for two interacting charged
particles and accounts for only negligible part of the Coulombic systems. Three
interacting charges constitute therefore the simplest Coulombic problem, which cannot
be solved analytically. Solution of a bound state problem in systems of three charges
is well advanced and now reaches impressive accuracy, which enables to test the tiniest
effects related to relativistic and QCD corrections [1]. Nevertheless description of
the inelastic collisions remains problematic and yet unresolved by the mathematically
rigorous methods. Inelastic scattering process and particularly three-body break-up
presents unsurmountable challenge. The main complications arise due to the long-range
nature of the Coulomb interaction and are reflected in: presence of the infinite number
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of reaction channels, existence of long-range couplings between the separate reaction
channels (in particular degenerate ones), inability to construct three-particle break-up
asymptotes.
Aforementioned complications naturally emphasize the need in developing methods
of the scattering theory, which does not rely on a good knowledge of wave function
behavior in far asymptotes. Such methods exist and are in particular successful in
describing collisions dominated by the short-range interactions [2]. One of such methods,
Complex scaling, is proved to be very efficient in describing resonance phenomena for
atomic systems. Nevertheless, an originally formulated [3] smooth complex scaling
method is not directly applicable in solving scattering problems with the long-range
interactions. For this purpose exterior complex scaling method has been proposed [4] but
yet had rather limited success in solving three-charge particle scattering problems [5, 6].
This is due to the fact that exterior complex scaling contains several drawbacks from
the formal as well as practical point of view. In particular, exterior complex method
• is limited to a case of central and local interaction
• is difficult to use together with the partial-wave expansion
• is difficult to generalize for N≥3 particle system
Alternatively, the smooth complex scaling method is not concerned by the
aforementioned complications. The goal of this work is to demonstrate that the smooth
complex scaling method can be successfully employed in describing Coulombic three-
body collisions, thus overcoming its original limitation to the scattering dominated by
the short-range interactions.
3. The formalism
3.1. Faddeev-Merkuriev equations
In many-particle scattering theory Jacobi coordinates are often used to simplify
mathematical formulation. For a three-body system three independent Jacobi
coordinate sets (~xα, ~yα) exist
~xα =
√
2mβmγ
(mβ +mγ)m
(~rγ − ~rβ); (1)
−→y α =
√
2mα(mβ +mγ)
(mα +mβ +mγ)m
[
~rα − mβ~rβ +mγ~rγ
mβ +mγ
]
, (2)
where mα and ~rα are respectively a mass and position of particle α. Particle indexation
(αβγ) represents a cyclical permutation of particle indexes (123), whereas a mass-factor
m of free choice is introduced into the former equations in order to retain the proper
unities for the distances. When studying atomic systems it is convenient to identify this
mass with the mass of an electron m ≡ me.
In the 60’s L.D. Faddeev formulated a set of equations [7] to solve the three-
particle scattering problems with short-range potentials. Some twenty years later
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original Faddeev equations have been elaborated by S.P. Merkuriev [8] to treat long-
range interactions. Merkuriev proposed to split Coulomb potential Vα into two parts
(short and long range), Vα = V
s
α + V
l
α, by means of some cut-off function χα.
V sα (xα, yα) = V
s
α (xα)χα(xα, yα); V
l
α(xα, yα) = Vα(xα)[1−χα(xα, yα)].(3)
Using the last identity a set of three Faddeev equations is rewritten:
(E −H0 − Vα −Wα)Ψα = V sα
3∑
α6=β=1
Ψβ; Wα = V
l
β + V
l
γ (4)
Here E is a center of mass energy andH0 is a free Hamiltonian of a three-particle system.
In these equations the termWα represents a non-trivial long-range three-body potential.
This term includes residual long-range interaction between the projectile particle α
and the target composed of particles (βγ). In order to obtain a set of equations with
compact kernels and which efficiently separate wave function asymptotes of different
binary particle channels, the function χα should satisfy certain conditions [8]. To satisfy
these conditions Merkuriev proposed a cut-off function in a form:
χα(xα, yα) =
2
1 + exp
[
(xα/x0)µ
1+yα/y0
] , (5)
with parameters x0, y0 and µ, which can be chosen to be different in each channel α.
A constrain µ > 2 should be however respected, while the choice of x0 and y0 remains
arbitrary. From the perspective of physics parameter x0 is associated with the effective
size of the 2-body interaction; it makes therefore sense to associate this parameter with
a size of two-body bound state. On the other hand parameter y0 is associated with a
size of three-body region, region where three-particle overlap is important.
Faddeev-Merkuriev (FM) equations, as formulated in eq.(4), project wave function’s
asymptotes of the α-(βγ) particle channels to component Ψα. The total systems wave
function is recovered by summing the three FM components Ψ(~x,−→y ) = Ψ1(~x,−→y ) +
Ψ2(~x,−→y ) + Ψ3(~x,−→y ). Similarly, by summing up three equations eq.(4), formulated for
each component Ψα, the Schro¨dinger equation is recovered.
In order to solve FM equations numerically, it is convenient to express each FM
component Ψa in its proper set of Jacobi coordinates (~xα, ~yα). Further it is practical to
employ partial waves to describe the angular dependence of these components:
Ψα(~xα, ~yα) =
∑
lx,ly
f
(LM)
α,lx,ly
(xα, yα)
xαyα
{
Ylx(x̂α)⊗ Yly(ŷα)
}
LM
, (6)
here ~lx and ~ly are partial angular momenta associated with the Jacobi coordinates ~xα
and ~yα respectively. Naturally, total angular momentum ~L = ~lx+~ly of the system should
be conserved.
Let select out an initial scattering state Ψ˜
(in)
a , proper to the Jacobi coordinate set
α (this feat will be expressed by the Kroneker δα,a function). The scattering state (a) is
defined by a particle α, which with momentum qα =
me
~2
√
E − Ea impinges on a bound
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particle pair (βγ). This bound state is defined by a proper angular momentum quantum
number l
(a)
x and binding energy Ea. The relative angular momentum quantum number
l
(a)
y should satisfy triangular conditions, related with the angular momenta conservation
condition ~l
(a)
x +~l
(a)
y = ~L. Then
Ψ(a)α (~xα, ~yα) = Ψ˜
(in)
a (~xα, ~yα)δα,a + Ψ˜
(a)
α (~xα, ~yα) (7)
The standard procedure is to consider for Ψ˜
(in)
a (~xα, ~yα) a free incoming wave of particle α
with respect to a bound pair of particles (α, β). Nevertheless Coulomb field of particle
α easily polarizes and excites the target, resulting into long-range coupling between
different target configurations [9, 10]. As a result, scattering wave function in its
asymptote may converge very slowly to a free-wave solution . It might be useful to
represent incoming wave function by distorted waves, which describe more accurately
asymptotic solution. It is, the incoming wave may be generalized to satisfy a 3-body
Schro¨dinger equation:
(E −H0 − Vα − W˜α)Ψ˜(in)a ≡ 0 (8)
with some auxiliary long-range potential W˜α(~xα, ~yα). This potential is exponentially
bound in xα direction, therefore it does not contribute to particle recombination process
but may couple different target states. Such an auxiliary potential can be conveniently
expressed by employing a separable expansion:
W˜α(~xα, ~yα) =
∑
a,b
|ϕa,lx(~xα)〉 λab(yα) 〈ϕb,lx(~xα)| (9)
Radial amplitudes representing a distorted incoming wave Ψ˜
(in)
a (~xα, ~yα) satisfy standard
boundary condition:
f˜
(in,a)
α,lx,ly
(xα, yα →∞) = ϕa,lx(xα)ĵly(qayα)δly ,l(a)y (10)
+
∑
b
δα,bA˜b,a(E)
√
qb
qa
ϕb,lx(~xα) exp(iqbyα − ilyπ/2)δly ,l(b)y ,
where A˜b,a(E) is the scattering amplitude due to the auxiliary long-range potential
W˜α(~xα, ~yα). Equation (8) is easy to solve numerically; by projecting it on different target
states dependence on ~xα is eliminated, thus leading to a standard 2-body coupled channel
problem. By solving eq.(8) incoming wave Ψ˜
(in)
a (~xα, ~yα) is obtained numerically and may
be further employed to solve three-body FM equations. By setting expressions (7-8) into
original FM equation (4), one obtains:
(E−H0−Vα−Wα)Ψ˜(a)α = V sα
3∑
α6=β=1
(
Ψ˜
(a)
β + Ψ˜
(in)
β δβ,a
)
+(Wα−W˜α)Ψ˜(in)a δα,a(11)
The FM amplitude f˜
(a)
α,lx,ly
(xα, yα), associated with the component Ψ˜
(a)
α (~xα, ~yα), in
the asymptote contains only outgoing waves. It may contain two-types of outgoing
waves: ones representing binary process where a particle α is liberated but a pair
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of particles (βγ) remains bound and outgoing waves representing the break-up of the
system into three free particles:
f˜
(a)
α,lx,ly
(xα, yα →∞) =
∑
b
δα,bAb,a(E)
√
qb
qa
ϕ
b,l
(b)
x
(~xα) exp(iqbyα − il(b)y π/2)
+ Aa,lx,ly(E,
xα
yα
,
√
x2α + y
2
α) exp(iQ
√
x2α + y
2
α) (12)
The amplitude Ab,a(E) represents transition between the distorted binary channels,
whereas the amplitude Aa,lx,ly(E,
xα
yα
,
√
x2α + y
2
α) is set to describe three-particle break-up
process. These amplitudes can be extracted from the solution Ψ˜
(a)
α of the FM equations
by applying Green’s theorem. In this study, we will concentrate only on scattering
amplitudes related to the rearrangement reactions. The amplitude Ab,a(E) is given:
Ab,a(E) =
√
qaqb
me
~2
{〈
Ψ(a) |E −H0| Ψ˜(in)b
〉
−
〈
Ψ˜
(in)
b |E −H0|Ψ(a)
〉}
(13)
=
√
qaqb
me
~2
〈
Ψ(a)
∣∣∣∣∣∑
α
{(
Vα + W˜α
)
δα,b − Vα
}∣∣∣∣∣ Ψ˜(in)b
〉
(14)
The total scattering amplitude is given by:
Ab,a(E) = Ab,a(E) + A˜b,a(E). (15)
In terms of this full amplitude partial scattering cross section for a process b → a and
a partial wave L is defined by:
σLab(E) =
2πa20
mα(mβ+mγ )
(mα+mβ+mγ)me
q2a
(2L+ 1) |Aa,b(E)|2 (16)
One may also define total inelastic cross section for a collision (a):
σLa,inel(E) =
πa20
2
mα(mβ+mγ)
(mα+mβ+mγ)me
q2a
(2L+ 1)
(
1− |1 + 2iAa,a(E)|2
)
(17)
3.1.1. Complex scaling The next step is to perform the complex scaling (CS)
transformation on the radial parts of the Jacobi coordinates. Conventional complex
scaling is considered here, defined by a smooth CS transformation:
Ŝθ = e
iθr ∂
∂r = eiθ(x
∂
∂x
+y ∂
∂y
), (18)
where parameter θ is often referred as CS angle. The free Hamiltonian after CS operation
is simply expressed as:
Hθ0 = ŜθH0Ŝ
−1
θ = e
−2iθH0. (19)
An action of CS operator on some radial function f(xα, yα) gives:
Ŝθf(xα, yα) = f(xαe
iθ, yαe
iθ) (20)
Complex scaling transformation efficiently handles outgoing waves, by transforming
them into exponentially bound functions. On the other hand incoming waves become
exponentially divergent. In eq. (11) incoming wave appears only as an inhomogeneous
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term premultiplied with a term containing potential. Thus for the exponentially bound
interactions equation kernel remains compact even after performing complex scaling
operation. Situation is quite different for the case of Coulomb interaction. In this case
the residual interaction term (Wα − W˜α) converges only as a power series in 1/yα and
is not able to compensate exponential divergence of the incoming wave.
Nevertheless, it is expected that a key part of the collision happens when a projectile
gets close to a target, whereas asymptotic part of the residual interaction plays only a
minor role in the elastic process. Therefore one may try to screen the residual interaction
term at long distances without expecting sizeable effect on the scattering observables.
Furthermore an impact of the residual term may be minimized by considering long-
range auxiliary potential W˜α(~xα, ~yα), which includes higher order corrections of the full
residual interaction Wα. This feat will be explored in this manuscript.
Technically, the complex scaled FM equations are solved to determine the CS
transformed FM components Φ˜
(a,θ)
α = ŜθΨ˜
(a)
α (~xα, ~yα) and Φ˜
(a,θ)
α = ŜθΨ˜
(a)
α . When
CS distorted incoming waves are necessary Φ˜
(in,θ)
a = ŜθΨ˜
(in)
a , they can be calculated
numerically by solving CS system of coupled equations corresponding eq. (8).
To keep kernels of the complex-scaled FM equations compact the term Ŝθ(Wα −
W˜α)Ŝ
−1
θ is screened beyond some fixed radius yα, using following expression:
Ŝθ(Wα−W˜α)Ŝ−1θ →
Ŝθ(Wα − W˜α)Ŝ−1θ ; y < ycut
Ŝθ(Wα − W˜α)Ŝ−1θ exp
[
−
(
yα−ycut
ysc
)n]
; y > ycut
;(21)
with n > 1. In this work the parameter ycut is chosen in a range 30-35 a.u., whereas
ysc ∈ (5− 6) a.u. Then:
Ŝθ(E −H0 − Vα −Wα)Ŝ−1θ Φ˜(a,θ)α = V sα
3∑
α6=β=1
(
Φ˜
(a,θ)
β + Φ˜
(in,θ)
a δβ,a
)
+ Ŝθ(Wα − W˜α)Ŝ−1θ Φ˜(in,θ)a δα,a (22)
Scattering amplitudes are calculated by modifying integration contour in (14) along
the Complex rotation line, giving [11, 12]:
Ab,a(E) =
√
qaqb
me
~2
e−6iθ
∫ [
Φ˜(a,θ)(~x, ~y)
]‡∑
α
Ŝθ
{(
Vα + W˜α
)
δα,b − Vα
}
Ŝ−1θ Φ˜
(in,θ)
b (~x, ~y) · d3xd3y
+
√
qaqb
me
~2
〈
Ψ˜
(in)
b
∣∣∣∣∣∑
α
{(
Vα + W˜α
)
δα,b − Vα
}∣∣∣∣∣ Ψ˜(in)b
〉
(23)
Here an expression
[
Φ˜(a,θ)(~x, ~y)
]‡
represents a biconjugate function of Φ˜(a,θ)(~x, ~y).
There is no need to recalculate these biconjugate functions, they are easily obtained
from the expression of biconjugate partner, via relation:[
f(x, y)
{
Ylx(x̂α)⊗ Yly(ŷα)
}
LM
]‡
= f(x, y)
{
Ylx(x̂α)⊗ Yly(ŷα)
}∗
LM
(24)
3.1.2. Numerical solution using Lagrange-mesh technique The functions f˜
(a,θ)
α,lx,ly
(xα, yα),
representing radial dependence of complex scaled FM components Φ˜
(a,θ)
α , are expanded
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using Lagrange-mesh basis [13]:
f˜
(a,θ)
α,lx,ly
(xα, yα) =
Nx∑
ix=1
Ny∑
iy=1
C
(a,θ)
α,ix,iy
Fix (xα/hxα)Fiy (yα/hyα) (25)
with C
(a,θ)
α,ix,iy representing the complex expansion coefficients to be determined. The hxα
and hyα are scaling parameters for basis functions defined as
Fi(x) = (−1)ici x
xi
LN (x)
x− xi e
−x/2, (26)
In this expression LN (x) represents a N
th degree Laguerre polynomial, whereas xi are
its zeroes. The coefficients ci are fixed by imposing basis functions to be orthonormal,
namely: ∫ ∞
0
Fi(x)Fi′(x)dx = δii′. (27)
Set of differential equations (22) is transformed into a linear algebra problem by
projecting their angular dependence on partial wave basis, defined in eq. (6). The radial
parts are projected on Lagrange-mesh basis, defined in eq. (25). The coefficients C
(a,θ)
α,ix,iy
,
obtained after solving linear algebra problem:
(Hθ − E)C(a,θ)α,ix,iy = b(in,θ) (28)
Here (Hθ−E) represents a part of CS Hamiltonian acting on wave function’s component
Φ˜
(a,θ)
α , represented by the coefficients C
(a,θ)
α,ix,iy
. Inhomogeneous term b(in,θ) is obtained
after projecting in eq. (22) terms containing incoming wave term Φ˜
(in,θ)
a . are used
to approximate complex scaled FM components Φ˜
(a,θ)
α . Finally, the transformed
components Φ˜
(a,θ)
α serve to retrieve scattering amplitudes employing the integral
relation (23). One may refer to [14, 13] for a more detailed description of the numerical
methods used in this work.
4. Results
4.1. e+Ps(n=1) scattering
Electron scattering on positronium constitutes probably the simplest realistic Coulombic
three-body system. This system has been well explored at low energies, below the
first positronium excitation threshold [15, 16, 17, 18, 19, 20]. Above the positronium
excitation threshold only calculations based on close-coupling method are available [20],
which if properly parameterized may provide very accurate results but in general are
not constrained to provide an unique physical solution.
In figure 1 electron scattering on the ground state of positronium (Ps(n=1)) atom
cross section are presented. Calculation have been realized in a broad energy region,
starting with a purely elastic case and spreading well above the positronium ionization
threshold. Below the positronium excitation threshold results of this work are compared
with the most accurate values from literature, summarized in Table.I of ref. [17].
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Figure 1. Calculated e+Ps(n=1) total (left panel) and inelastic (right panel) cross
sections in a wide energy range. The dashed lines connecting calculated points is
just drawn to guide an eye and does not represent complete calculation. Current
calculations are well converged, which becomes clear by increasing employed Lagrange-
mesh basis size. Below Ps(n=2) excitation threshold calculated total cross sections are
compared with ones compiled from the literature [15, 17] and represented by full black
squares.
Present calculations have been performed by considering free e+Ps(n=1) waves
to represent the incoming wave function in eq. (7-8). The inhomogeneous term arising
from the incoming wave has been screened in eq. (11) for e+Ps(n=1) separations beyond
yeps = 35 a.u. Partial wave expansion has been limited to max(lx, ly) ≤ 9 and proved to
be sufficient to get well converged results, calculations were also limited to total angular
momentum L ≤5.
As can be seen in figure 1 a basis of 35 Lagrange-Laguerre mesh functions in x
and y direction is enough to get converged results in a broad energy region. Only well
beyond positronium ionization threshold a basis 35x35 functions turns to be insufficient
in describing inelastic cross section, nevertheless convergence is reached by increasing
basis to 40x40 functions.
As discussed in our previous works employing complex scaling [21, 2], large complex
scaling angles are not suited to perform scattering calculations in A > 2 particle systems.
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This work reconfirmed this feat. In this work complex scaling parameter has been limited
to θ < 10◦, with θ = 7 − 8◦ representing an optimal choice. Regardless simplicity of
the employed approach calculations turn to be very accurate and are in line with most
accurate published values. The phaseshifts calculated below the Ps(n=2) threshold
differ from ones reported in [15, 17] by less than 0.5%.
As it is well known, complex scaling operation breaks Hermiticity of the
Hamiltonian. Consequently the unitarity of S-matrix is not provided by the symmetry
properties of the CS equations. This is the reason why using complex scaling it is more
difficult to attain numerically the unitarity of S-matrix than to get highly accurate
phaseshifts. Regardless this fact the unitarity of S-matrix in presented e+Ps(n=1)
calculations is assured with three-digit accuracy once electron impact energy exceeds
0.03 a.u. This is clearly demonstrated by analyzing inelastic e+Ps(n=1) cross section,
extracted based on the unitarity property of the S-matrix. In particular, inelastic cross
section is consistent with a zero value in the purely elastic region, below the Ps(n=2)
threshold. Accurate description of the nearthreshold collisions is naturally the most
problematic case for the complex-scaling method. After the complex scaling operation
outgoing waves converge with an exponential factor -krsinθ, where k is a relative
momenta of scattering clusters and r is a target-projectile separation distance. This
exponent vanishes for low impact energies and therefore approximation of the outgoing
waves by using square-integrable basis functions becomes inefficient.
4.2. e−+H scattering
In the figure 2 calculations of electron scattering on the ground sate of Hydrogen atom
are presented. Present calculations have been performed using the same setup as for
e=Ps(n=1) case, described in the last section. A free e+H(n=1) wave is considered
when separating inhomogeneous term in eq. (7-8). 35-40 Lagrange-mesh functions were
employed for discretizing radial dependence of FM amplitudes in x and y directions and
proved to be enough to get converged results. Calculated values agree perfectly with
ones found in literature [23] as well as with the experimental data of Zhou et al. [22].
Only the last point (at 1.87 a.u.) seems to underestimate experimental total cross
section. Total cross section in this energy region, well above the Hydrogen ionization
threshold, has non-negligible contribution of high angular momentum states (beyond
L=5), which have not been included in a present calculation.
The phaseshifts calculated below the H(n = 2) threshold agree perfectly well with
the most accurate calculations found in the literature. All the phaseshifts fall within
the limits defined by the values compiled in reference [23].
As pointed out in the previous section, presenting the e+Ps(n=1) scattering,
complex scaling technique turns to be the most difficult to apply at very low energies,
close to the threshold. By reducing energy it turns increasingly difficult to preserve
unitarity of the calculated S-matrix. This feat is best demonstrated by the deviation
from the zero-value of the inelastic e− − H(n = 1) cross section close to H(n = 1)
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Figure 2. The same as in Fig. 1 but for e−+H(n=1) scattering. Calculated values for
the total cross section are compared with experimental data of Zhou et al. [22]. Below
H(n = 2) excitation threshold calculated total cross sections are compared with ones
compiled from the literature [23] and represented by full black squares.
threshold (see two lowest energy points, situated at Ecm = 0.0624 and 0.08 a.u.
respectively). Naturally unitarity of the calculated S-matrix improves once number
of basis functions is increased, nevertheless at very low energies this convergence turns
to be rather slow.
4.3. e+-H(n=1)⇆p+Ps(n=1) scattering
There is an increased interest in studying (anti)proton-positronium collisions in view
of the possible production of antihydrogen atoms. This system was mostly explored
using different variations of close-coupling method [24, 25]; There also exist calculations
based on Hyperspherical-Harmonics [26],variational method [27, 28] as well as Faddeev-
Merkuriev equations [10, 29] but these limited to the energy region of a few lowest
energy excitations of either Hydrogen or Positronium atom.
Elastic e++H(n=1) collisions below positronium excitation threshold does not
present any new features compared to e−+H(n=1) or e+Ps(n=1) elastic scattering,
discussed in two previous subsections. Therefore I will concentrate on the energy
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Figure 3. Study of e++H(n=1) (left panel) and p+Ps(n=1) (right panel) collisions.
Evolution. of total (red), total inelastic (blue) and e++H(n=1)⇆ p+Ps(n=1) (olive)
cross sections presented with energy. Three sets of calculations performed using
different radial basis sizes. Calculated total cross section for a e++H(n=1) process
is compared with experimental data of Zhou et al. [22].
region above p+Ps(n=1) production threshold. In figure 3 calculations performed by
considering only a free e++H(n=1) (left panel) or p − Ps(n = 1) (right panel) wave
when separating inhomogeneous term in eq. (7-8).
Calculations considering e++H(n=1) entrance channel are well converged for a
moderate basis of 30x30 Lagrange-mesh functions and does not depend on the variation
of CS parameter in the range θ = 5 − 10◦. Results of Present calculations agree
perfectly well with other theoretical calculations as well as with the experimental data
of Zhou et al. [22]. Experimental total cross section becomes slightly larger only for
the highest energy point calculated, which has still to non-negligible contribution of
high angular momentum scattering not included in a present calculations. For this
point contribution of L=7 state, the largest total angular momentum state considered
in this calculation, still accounts for ≈ 10% of total cross section, whereas this state has
negligible contribution at lower energies. Unitarity of the S-matrix is well preserved,
which is demonstrated by the feat that below H(n=2) excitation threshold inelastic cross
section agrees with a Ps(n=1) production one (at these energies Ps(n=1) production
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represents the only inelastic channel).
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Figure 4. Calculation of the Hydrogen production cross section for p+Ps(n=1)
collisions in the Ore gap region. Calculations using different assumptions for
inhomogeneous term, based on distorted incoming wave of p+Ps(n=1), were
performed. These results are compared with calculations of Hu [29], using conventional
boundary condition method.
Calculations considering p+Ps(n=1) entrance channel turns to be less accurate.
In particular, problematic are the calculations performed in the Ore gap region and
dominated by relatively low proton(positronium) impact energies. In this region inelastic
p+Ps(n=1) cross section, extracted using unitarity property of S-matrix, is visibly not
converged and improves moderately when increasing Lagrange-mesh basis size. On the
other hand, Hydrogen production cross sections calculated from the non-diagonal S-
matrix element coupling e++H(n=1) and p+Ps(n=1) channels turns to be accurate
and well converged even at very low energies.
Even though the low energy region is not the most relevant region to use complex
scaling method – it is still worthy to pay more attention to the Ore gap region, where
p+Ps(n=1) cross sections converge slowly. In order to improve convergence I have
constructed inhomogeneous term in eq. (7,8) based on distorted waves instead of simple
free waves used before. Effect of the choice of inhomogeneous term is studied in figure 4
by comparing inelastic p+Ps(n=1) cross sections in the problematic Ore gap region.
These calculations were performed using a basis of 30x30 Lagrange-mesh functions,
with CS parameter set to θ = 5◦ and total angular momentum expansion limited to
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L=3‡. Four types of distorted waves, based on the choice of long-range potential in
eq. (9), have been used:
• distorted wave by considering long-range dipole coupling of Ps(n≤2) states, with
λab(yα) = −Cα〈ϕb,l(b)x (~xα)|~xα|ϕa,l(a)x (~xα)〉/y˜ab
2
α§
• considering long-range dipole coupling of Ps(n≤2) states together with a residual
p+Ps(n=1) polarization potential
• dipole coupling of Ps(n≤3) states together with a residual p+Ps(n=1) polarization
potential
• inhomogeneous term based on free wave
In the figure 4 calculated p+Ps(n=1)⇆ e++H(n=1) reaction cross section is presented
as a range, obtained by comparing three different values: cross sections calculated
from non-diagonal S-matrix elements (Se++H(n=1),p+Ps(n=1) and Sp−Ps(n=1),e++H(n=1))
as well as cross section extracted from diagonal S-matrix element Sp−Ps(n=1),p−Ps(n=1)
via unitarity condition‖. One can see that by using distorted waves to construct
inhomogeneous term one may considerably improve accuracy of the calculated cross
sections even at very low energies. Inclusion of the dipole coupling of Ps(n≤2) states is
already enough to get rather accurate results, in agreement with ones from ref. [29],
which were obtained by employing conventional boundary condition approach. By
considering more complete asymptotic p+Ps(n=1) interaction to determine distorted
incoming wave results improve further.
5. Conclusion
Coulombic three-body scattering problem have been addressed since the outset of
Quantum Mechanics, however yet have not been fully resolved by mathematically
rigorous methods. In this work it has been demonstrated that conventional smooth
complex scaling method can be adapted to solve Coulombic three-body problems. A
novel method has been developed, which combines complex scaling, distorted wave and
Faddeev-Merkuriev equation formalisms. This formalism has been tested in studying
three realistic Coulombic problems: electron scattering on ground states of Hydrogen
and Positronium atoms as well as a e++H(n=1) ⇆ p+Ps(n=1) reaction.
Accurate results were obtained in a wide energy region, also extending beyond the
atom ionization threshold. Calculations for high projectile impact energies turns to
be very accurate and reliable. They agree perfectly with the available experimental
data. On the other hand complex-scaling technique has natural deficiency in describing
very low energy scattering. Still it is demonstrated that by using distorted incoming
‡ This limitation have been used in order to compare the results with ones from ref. [29]
§ Expression ˜yabα = yα + a0 ∗ n3a ∗ n3b/y2α has been used to regularize former potential at the origin.
Coefficient Cα is a result of the presence of mass scaling factors, present in a definition of Jacobi
coordinates xα, yα.
‖ In the Ore gap region relation |Sp+Ps(n=1),e++H(n=1)|2 = 1− |Sp+Ps(n=1),p+Ps(n=1)|2 should hold
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waves also description of the scattering process at very low energies can be significantly
improved.
Next challenge is to consider charged particle scattering on the excited states of
Hydrogen-type atoms. Additional complications should arise due to the presence of
long range dipole coupling between the energy degenerate excited target states. It is
not obvious if in such a system inhomogeneous term can be screened without visible
complications as has been done for the scattering on ground state targets in this work.
Distorted wave formalism might be very useful in achieving this goal.
On the other hand smooth complex scaling technique is easily adaptable by any
numerical technique and might be easily incorporated to treat scattering problems in
N ≥ 3 systems. Worths noting, that this method has been already successfully adapted
to describe the systems dominated by short-range interactions [2, 30]. Findings of
this work brings optimism that Coulombic scattering may be finally addressed in the
systems constituting four charged particles. The feat yet never addressed by the ab-initio
techniques.
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